In this article we investigate numerically the spectrum of some representative examples of discrete one-dimensional Schrödinger operators with quasi-periodic potential in terms of a perturbative constant b and the spectral parameter a. Our examples include the well-known Almost Mathieu model, other trigonometric potentials with a single quasi-periodic frequency and generalisations with two and three frequencies. We computed numerically the rotation number and the Lyapunov exponent to detect open and collapsed gaps, resonance tongues and the measure of the spectrum. We found that the case with one frequency was significantly different from the case of several frequencies because the latter has all gaps collapsed for a sufficiently large value of the perturbative constant and thus the spectrum is a single spectral band with positive Lyapunov exponent. In contrast, in the cases with one frequency considered, gaps are always dense in the spectrum, although some gaps may collapse either for a single value of the perturbative constant or for a range of values. In all cases we found that there is a curve in the (a, b)-plane which separates the regions where the Lyapunov exponent is zero in the spectrum and where it is positive. Along this curve, which is b = 2 in the Almost Mathieu case, the measure of the spectrum is zero.
Introduction
In this article we will explore numerically the structure of the spectrum of some paradigms of Schrödinger operators with quasi-periodic potentials with one or more irrational frequencies. More precisely, we will consider the following type of discrete Schrödinger operators on l 2 (Z),
where
is an irrational frequency vector in the sense that
In all cases we shall assume, without loss of generality, that the potential V has zero average. These operators have been focus of intensive research over the last decades and much is known about the structure of the spectrum of these operators, being Cantor spectrum (i.e. gaps in the spectrum are dense) the object of much of this research. Note that due to the rational independence of the frequency vector ω, the spectrum of these operators is independent of φ. Many of the recent advances are based on the study of the dynamics of the eigenvalue equation associated to (1.1), namely
where a is a real parameter, usually called the energy.
In the case of a real analytic potential V (in the examples we study, we will further restrict to simple trigonometric polynomials) and fixed Diophantine frequencies (see [28, 20, 14, 2] for genericity results in spaces of functions of lower regularity), there are two situations where such Cantor spectrum has been proved and studied (at least generically). The first one is for "small" values of |b|, where genericity of Cantor spectrum follows from the genericity of gap opening [34, 18, 9, 37] , a property also shared by periodic continuous systems (i.e., ODE of Hill-Schrödinger type) [33, 11] . Note that, as in this last case, it is possible to produce real analytic potentials where all but a finite number of spectral gaps are closed and, therefore, they do not have Cantor spectrum [15] .
Besides, the well-known Almost Mathieu case, where V (θ ) = cos θ , displays Cantor spectrum for all b = 0 [12, 35, 3] . The type of gap opening of this model is significantly different from the previous above, since it appears also for "large" values of b, where the spectral behaviour is very different from their periodic ODE analogues: the Lyapunov exponent is positive in the spectrum and there is Anderson localization (see the review in [27] ). We recall that in the periodic case the spectrum is the union of finitely many interval bands (or countably many in the periodic ODE case). The second type of Cantor spectrum can also be extended to real analytic and non-constant potentials V with a single Diophantine frequency (d = 1) and for all values of |b| larger than a certain constant [42, 23, 25] .
Although the first paradigm of Cantor spectrum holds for multifrequency quasi-periodic and real analytic potentials with small b, the structure of gaps for large b is much less clear for these multifrequency models. For two-frequency "non-degenerate" potentials and |b| large
